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Abstract
A systematic analysis of the symmetries of topological 3D gravity with torsion and a cos-
mological term, in the first order formalism, has been performed in details - both in the
hamiltonian and lagrangian formalisms. This illuminates the connection between the sym-
metries of curved spacetime (diffeomorphisms plus local Lorentz transformations) with the
Poincare gauge transformations. The Poincare gauge symmetries of the action are shown to
be inequivalent to its gauge symmetries. Finally, the complete analysis is compared with the
metric formulation where the diffeomorphism symmetry is shown to be equivalent to the gauge
symmetry.
1 Introduction
Gravity theories in (2+1) dimensions offer an arena where one can address such subtle issues as
the singularity problem or quantization, on a simpler setting [1]. Interest in 3D gravity increased
a lot after Witten’s discovery of the equivalence of 3D gravity with a Chern-Simons gauge theory
[2]. Inclusion of the Chern-Simons term in the Einstein-Hilbert action leads to a theory known as
‘topologically massive gravity’ which has a massive propagating degree of freedom [3, 4, 5]. These
theories were studied in Riemannian space time. Later, a 3D gravity theory was formulated in the
Riemann-Cartan spacetime, that is with non-zero torsion [6, 7]. The canonical structure of the
‘topological 3D gravity with torsion’ with a cosmological term was investigated in [10] following
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Dirac’s constrained hamiltonian analysis. Recently a surge of activity in various 3D gravity models
has been witnessed [8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. In this connection it may be noted that
there are many subtle aspects involved in the construction of the symmetry generators and their
applications, in 3D gravity models, which are not completely addressed in the literature. We
will highlight some of these issues in this paper through an analysis of the topological 3D gravity
model with torsion and a cosmological term.
Gravity theories in the Riemann-Cartan space are analysed in the framework of Poincare
Gauge Theory (PGT). The edifice of PGT is constructed by localising the Poincare transfor-
mations in Minkowski space. One starts with a matter theory invariant under global Poincare
transformations. Naturally, this does not remain invariant when the parameters of the Poincare
transformations are functions of spacetime. The PGT emerges from attempts to modify the mat-
ter theory so that it becomes invariant under the local Poincare transformations. Compensating
potentials are introduced in the process, the dynamics of which is provided by invariant den-
sities constructed out of the field strengths obtained from the usual gauge theoretic procedure
[12, 18, 19]. The theory has been ubiquitous in classical gravity [12] as well as in its extension
to noncommutative spacetime [20, 21, 22, 23]. The usefulness of the PGT stems from the fact
that theories invariant under local Poincare transformations can be viewed as invariant theories in
curved spacetime. The geometric interpretation of PGT, based on local Lorentz transformations
(LLT) and general coordinate transformations or diffeomorphisms (diff), thus acquires a crucial
significance and needs to be thoroughly understood.
The hamiltonian analysis of 3D gravity with torsion in [10], on the other hand, reveals that
the transformations of the basic fields under the gauge generator constructed by Hamiltonian
procedure differs from those obtained from PGT and agreement is only achieved by using the
equations of motion [9, 10]. However, the fact to be noted here is, that the gauge generator itself
in [9, 10] is constructed by an algorithm [24] based on the gauge symmetries that maps solutions
to solutions of the equations of motion. Nonetheless, a question arises about the details of the
symmetries of the theory under gauge and Poincare gauge transformations, a question that is also
relevant to the geometric interpretation mentioned above. Moreover, there are strictly hamiltonian
methods of obtaining the gauge generator without using the equations of motion [25, 26] which
have been used recently [27] in the context of second order metric gravity to establish an off-shell
equivalence between the gauge and diffeomorphism parameters. The issue of the discrepancy
between the Poincare gauge transformations and gauge transformations should therefore not be
brushed aside. In the present paper we will try to paint the problem in its true colours.
The problem mentioned above has indeed two aspects. The first concerns the invariance issue
which rests crucially on the geometric interpretation. The PGT is a gauge theory in the Minkowski
spacetime whereas gravity is formulated in curved spacetime. The principle of equivalence enables
us to erect locally Lorentzian coordinates in the tangent spaces. The most general spacetime
transformations comprises the general coordinate transformation or diff plus the LLT. We will
establish the Poincare gauge transformations from these invariances of the curved spacetime. A
thorough one to one correspondence of the geometric structures with the Poincare gauge fields will
be worked out. While the geometric interpretation of PGT is well known, such elaborate analysis
of the equivalence is not available in the literature. Our analysis of the geometric interpretation
of PGT naturally manifests the invariance of the theory under Poincare gauge transformations.
We will perform an explicit check of this invariance in our paper. As a specific example, we
will consider the topological 3D gravity model which includes the Chern-Simons (CS) term, the
cosmological term and torsion along with the usual Einstein-like term [10].
The second aspect is related with the construction of the gauge generator. We will follow the
method of [25, 26]. Here gauge transformations are viewed as mappings of field configurations
to field configurations. A strictly hamiltonian procedure is followed and a structured algorithm
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is provided to obtain the independent gauge parameters. This algorithm has been applied to
different reparametrization invariant models [28, 29, 30, 31] including second order metric gravity
[27]. The gauge transformations of the basic fields obtained from this method should naturally be
invariances of the action. Notwithstanding this observation, we propose an explicit check of the
invariance.
The 3D gravity model discussed in this paper (which is the Mielke-Baekler [6, 7] model along
with an additional cosmological term) contains both first class and second class constraints. We
provide a thorough canonical analysis of the model following Dirac’s approach of constrained
hamiltonian analysis. Our work supplements the canonical analysis of [10] in that we work out the
reduced phase-space structure. This is done by eliminating the second class constraints through
replacement of the Poisson brackets by Dirac brackets. The basic Dirac brackets between the
fields and the conjugate momenta have been computed and used to construct the gauge generator
following [25, 26]. As already mentioned this is an off-shell procedure of finding the most general
gauge transformations and should be contrasted with the method of [24] that uses the equations
of motion. The transformation of the basic fields are obtained from their Dirac brackets with the
generator. We also provide an explicit check of the off-shell invariances of the action under both
gauge transformations and the Poincare gauge transformations.
At this point one interesting aspect may be noted. This is the off-shell difference between
the Poincare gauge symmetries and the Hamiltonian gauge invariances. We will show that this is
indeed a peculiarity of the PGT. For example we will consider the Einstein action in the second
order metric gravity formalism. The spacetime invariance of the theory is the diff transformations.
In (3+1) dimensions these diff invariances have been shown to map off-shell to the hamiltonian
gauge transformations [27]. We show that the same analysis is applicable to the corresponding
(2+1) dimensional theory. When we treat the same theory in the PGT framework the discrepancy
between the Poincare transformations and the gauge transformations comes to the fore.
Apart from the hamiltonian analysis, we also discuss a lagrangian treatment of both PGT
symmetries and the usual gauge symmetries. Corresponding to an independent off-shell invariance
of the action there exists one lagrangian gauge identity. We construct the gauge identities following
from the Poincare gauge invariances and the hamiltonian gauge invariances. If the gauge identities
of the first set or any combination of them can be shown to be identical with the identities of the
second set, the offshell equivalence of the two different symmetries can be established. Otherwise
they are inequivalent. In our case we show that the Poincare gauge invariances and the hamiltonian
gauge invariances are inequivalent by this procedure. Since the lagrangian gauge identities are
formulated in terms of the Euler derivatives of the action, they become trivial when the equations
of motion are invoked. In this sense the lagrangian formulation might not be appropriate for
discussing the on-shell equivalence between the two types of symmetries. It is then natural to
ask whether the equivalence of the spacetime symmetries of the Einstein gravity with its gauge
invariances can be demonstrated from the lagrangian point of view. We answer the question in
the affirmative by showing the equivalence of the corresponding gauge/diff identities.
The organisation of the paper is as follows. In the next section we give a short review of PGT
and introduce the three dimensional topological gravity model with torsion and a cosmological
term [10, 11]. In Section 3 the Poincare gauge transformations of the basic fields are established
from the geometric correspondence. The invariance of our 3D gravity model, introduced in the
previous section, under the Poincare gauge transformations will be examined here. Section 4
contains a thorough canonical analysis of our model including the reduced phase-space structure.
Using the results of Section 4 the generator of the general gauge transformations is constructed and
the transformations of the basic fields under the gauge transformation are provided in section 5.
Note that we follow an off-shell method of construction of the gauge generator [25, 26] which maps
field configurations to equivalent field configurations. The off-shell invariance of the model under
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the gauge transformations is thus expected. We provide an explicit verification of the same in this
section. Also, after being sure about the invariances from different angles, we compare the Poincare
gauge transformations and gauge transformations of the basic fields. This fulfills our motivation
of viewing the difference between both types of transformations in the proper perspective, a fact
noticed in the literature in recent times [12, 10, 11] but not sufficiently highlighted. We will give
some definitive arguments in section 6 to show that this is a peculiarity of the Poincare gauge
theory framework. This is done by analysing the 3D Einstein action in the 2nd order formalism.
Here spacetime invariances are the diffeomorphisms. We show that they are equivalent off-shell
to the gauge transformations obtained by a hamiltonian procedure following the analysis in [27].
We then consider the same action in the PGT framework and see that the equivalence is lost. Our
canonical analysis amply demonstrates that if the Poincare gauge transformations were equivalent
to gauge transformations there would exist some off-shell mapping between them. To further
elucidate the point we resort to a lagrangian framework. The distinctive features between the
two sets of transformations is confirmed by constructing identities involving the Euler derivatives
for both the symmetry transformations. These identities are inequivalent in the sense that no
mapping exists between them. In the connection of the lagrangian analysis one wonders about
the 2nd order approach. We explicitly show that in case of the 3D second order metric gravity the
gauge identities corresponding to the gauge transformations can be mapped to the corresponding
identities following from reparametrization, thereby reinforcing the off-shell equivalence between
the two symmetries. Finally, we conclude in Section 7.
Before concluding the introductory section, a summary of our conventions regarding the indices
will be appropriate. Latin indices refer to the local Lorentz frame and the Greek indices refer to
the coordinate frame. The first letters of both alphabets (a, b, c, . . .) and (α, β, γ, . . .) run over
1,2 while the middle alphabet letters (i, j, k, . . .) and (µ, ν, λ, . . .) run over 0,1,2. The totally
antisymmetric tensor densities εijk and εµνρ are both normalized so that ε012 = 1. The signature
of spacetime is η = (+,−,−).
2 Topological 3D gravity with torsion
The topological 3D gravity theory with torsion is formulated in (2+1) dimensional Riemann-
Cartan spacetime in the framework of the Poincare Gauge Theory (PGT). The starting point of
the PGT is a matter theory invariant under the global Poincare transformations in the Minkowski
space:
xµ → xµ + ξµ (1)
where ξµ = θµνxν + ǫµ, with both θµν and ǫµ being constants. At each spacetime point a local
basis ei is considered which are related to the coordinate basis eµ by
ei = δ
µ
i eµ.
When we make the global Poincare symmetry (1) local, the transformation parameters θij and
ǫµ become functions of the spacetime coordinates. In this case one can take ξµ = θµνxν + ǫµ and
θij as the independent parameters. To ensure the invariance of the matter action under the local
Poincare transformations, compensating fields biµ and ω
ij
µ are required to be introduced [12].
The covariant derivative ∇k is constructed using these fields as
∇k = b µk ∇µ
where ∇µ = ∂µ+ 12ωijµΣij will be called the θ-covariant derivative. The matrix Σij is the Lorentz
spin matrix and b µk is the inverse to b
k
µ. The covariant derivative of the matter field φ is required
to transform under local Poincare transformations just as the ordinary derivative ∂kφ transforms
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under global Poincare transformations. The matter lagrangian density L = L(φ, ∂kφ) which was
invariant under global Poincare transformations is converted to an invariant density L˜ by replacing
the ordinary derivative ∂k by the covariant derivative ∇k i.e.
L˜ = L˜(φ,∇kφ).
An invariant action is constructed from this density as
I =
∫
bL˜(φ,∇kφ)
where b = det biµ. This action is invariant under the following transformations of the basic fields
biµ and ω
ij
µ:
δbiµ = θ
i
kb
k
µ − ∂µξρbiρ − ξρ∂ρbiµ
δωijµ = θ
i
kω
kj
µ + θ
j
kω
ik
µ − ∂µθij − ∂µξρωijρ − ξρ∂ρωijµ (2)
These transformations (2) comprise the Poincare gauge transformations. Their structure suggests
a geometric interpretation. The basic fields biµ and ω
ij
µ mimic the triad and the spin connection
in curved spacetime. The most general invariance group in curved spacetime consists of the LLT
plus diff. Observe in (2), that the Latin indices transform as under LLT with parameters θij, and
the Greek indices transform as under diff with parameters ξµ. This suggests a correspondence
between the Poincare gauge transformations with the geometric transformations of the curved
spacetime. However, that this correspondence is an equivalence, is by no means obvious. In
the next section, we will precisely establish this equivalence by obtaining the Poincare gauge
transformations starting from the geometric (LLT + diff) invariances. Such an explicit map
between the two sets of transformations is essential because the geometric interpretation of PGT
is a crucial step. It enables us to cast gravity in the framework of PGT.
With the geometric correspondence lurking behind, we come back to the construction of PGT.
Corresponding to the basic fields biµ and ω
ij
µ the Lorentz field strength R
ij
µν and the translation
field strength Tiµν are obtained following the usual procedure in gauge theory. The commutator
of two θ-covariant derivatives gives Rijµν
[∇µ,∇ν ]φ = 1
2
RijµνΣijφ
whereas the commutator of two ∇k derivatives furnish the additional fields Tiµν as
[∇k,∇l]φ = 1
2
b
µ
k b
ν
l R
ij
µνΣijφ− b µk b νl T iµν∇iφ
These defining equations give the following expressions for the field-strengths
T iµν = ∂µb
i
ν + ω
i
kµb
k
ν − ∂νbiµ − ωi kνbkµ
Rijµν = ∂µω
ij
ν − ∂νωijµ + ωikµωkjν − ωikνωkjµ. (3)
So far the theory is in the Minkowski space and has been developed as a gauge theory. From the
point of view of geometric interpretation, the Lorentz field strength Rijµν and the translation field
strength Tiµν , correspond to the Riemann tensor and the torsion. Using these basic structures,
gravity can be formulated in the framework of PGT. In three dimensions, the following maps are
used to simplify the analysis
θi =
1
2
εijk θ
jk
ωiµ = −
1
2
εijk ω
jk
µ
Riµν = −1
2
εijk R
jk
µν (4)
5
Using this map in the expressions (3) for Rijµν and Tiµν we can write
Tiνρ = ∂νbiρ + εijkω
j
νb
k
ρ − ∂ρbiν − εijkωjρbkν (5)
Riνρ = ∂νωiρ − ∂ρωiν + εijkωjνωkρ. (6)
These expressions are used to construct our action for the topological 3D gravity model with
torsion and a cosmological term, without higher order derivatives [6, 7, 11]
I =
∫
d3x εµνρ
[
abiµRiνρ −
Λ
3
εijkb
i
µb
j
νb
k
ρ + α3
(
ωiµ∂νωiρ +
1
3
εijkω
i
µω
j
νω
k
ρ
)
+
α4
2
biµTiνρ
]
. (7)
Here a, Λ, α3 and α4 are arbitrary parameters. The first term proportional to a is the Einstein-
Hilbert action written in three dimensions using the identity
bR = −εµνρ biµRiνρ (8)
where b = det biµ and R = b
µ
i b
ν
j R
ij
µν . The second term is the cosmological constant part,
the third one is the Chern-Simons action while the fourth includes torsion. These terms can be
manipulated with the help of the adjustable parameters a, Λ, α3 and α4.
The variations of the action (7) w.r.t the triad biµ and the spin connection ω
i
µ are given by
δI
δbiµ
= −εµνρ
[
aRiνρ + α4Tiνρ − Λεijkbiνbkρ
]
(9)
δI
δωiµ
= −εµνρ
[
α3Riνρ + aTiνρ − Λεijkbiνbkρ
]
(10)
These Euler derivatives will serve a twofold purpose. First, their vanishing yields the equations
of motion in the usual way. Secondly, they will appear in the lagrangian gauge identities to be
discussed in section 6. The equations of motion following from the action can be simplified in the
sector1
α3α4 − a2 6= 0
as
T iµρ − p ǫijk bjµbkρ = 0
Riµρ − q ǫijk bjµbkρ = 0. (11)
where p =
α3Λ+ α4a
α3α4 − a2 and q = −
α 24 + aΛ
α3α4 − a2 .
3 On the geometric interpretation of the Poincare gauge trans-
formations
In this section we will establish the Poincare gauge transformations from the invariances of the
curved spacetime. In curved spacetime erect local basis bi(x
µ). The coordinate basis bµ is derived
from the tangents to the coordinate lines. The connection with the local basis is established by
the triad and the parallel transport is defined in the local basis by the spin connection. Geometric
structures such as the metric, affine connection etc. can be established in terms of the triad and
1Later in section 4 we will find that this condition is essential in computing the Dirac brackets.
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spin connection by certain very general requirements (invariance of the interval, vielbein postulate
etc). The metric is defined as
gµν = ηijb
i
µb
j
ν (12)
The geometric invariances in the curved spacetime comprise the diffeomorphism (diff) and local
Lorentz transformations (LLT). Under diff, the variation of gµν is given by
δgµν = −∂µξρgρν − ∂νξρgµρ − ξρ∂ρgµν (13)
Using (12), the lhs of (13) can be expressed in terms of the variation δbiµ as
δgµν = δηijb
i
µb
j
ν + ηij δb
i
µ b
j
ν + ηijb
i
µ δb
j
ν (14)
where δηij is the variation of ηij under LLT, given by
δηij = θ
k
i ηkj + θ
k
j ηik = 0. (15)
Equating (13) with (14) we get
ηij δb
i
µ b
j
ν + ηijb
i
µ δb
j
ν + θ
k
i ηkjb
i
µb
j
ν + θ
k
j ηikb
i
µb
j
ν (16)
= −∂νξρηijbiµbjρ − ∂µξρηijbiρbjν − ξρ∂ρ
(
biµb
j
ν
)
ηij
Simplification yields
biν
[
δbiµ + ∂µξ
ρbiρ + ξ
ρ∂ρb
i
µ + θ
i
k b
k
µ
]
+ bjµ
[
δbjν + ∂νξ
ρbjρ + ξ
ρ∂ρb
j
ν + θ
j
k b
k
ν
]
= 0 (17)
The last equation leads to
δbiµ = θ
i
kb
k
µ − ∂µξρbjρ − ξρ∂ρbiµ (18)
This is identical with the first set of (2). Note that the variation δηij of the constant tensor
ηij under LLT, given by (15), reproduces the expected vanishing result. Nevertheless it has to
be included and split in (17) in order to get agreement with the corresponding Poincare gauge
transformation (2). Otherwise, the θ-contribution in (18) will be lacking. This observation further
elucidates the connection between geometric transformations and those of PGT.
In order to reproduce the second set of (2), consider the transformation of the affine connection
Γµνλ. Using the vielbein postulate we can write
Γµνλ = b
µ
i ∂λb
i
ν + ω
i
jλb
µ
i b
j
ν (19)
It transforms under diff as
δΓµνλ = −∂νξρ Γµρλ − ∂λξρ Γµνρ + ∂ρξµ Γρνλ − ∂ν∂λξµ − ξρ ∂ρΓµνλ (20)
On the other hand, from (19), we obtain
δΓµνλ = δb
µ
i ∂λb
i
ν + b
µ
i ∂λδb
i
ν + δω
i
jλ b
µ
i b
j
ν + ω
i
jλ δb
µ
i b
j
ν + ω
i
jλb
µ
i δb
j
ν (21)
Equating (20) with (21) and using (18), one finds after a long algebra,
δωijµ = θ
i
kω
kj
µ + θ
j
kω
ik
µ − ∂µθij − ∂µξρωijρ − ξρ∂ρωijµ (22)
which is equivalent to the second set of (2). We thus find that if we identify the triad biµ and
the spin connection ωijλ with the ‘gauge potentials’ b
i
µ and ω
ij
λ of the PGT, then spacetime
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symmetry transformations (namely, the LLT and diff) generate the same transformations as the
Poincare gauge transformations.
The above correspondences show the connection of Poincare gauge symmetry with LLT plus
diff invariances in curved spacetime. This connection may further be pursued at the level of the
field strengths. From the point of view of PGT the transformations of the Lorentz field strength
R
ij
µν and the translation field strength T iµν can easily be obtained by direct substitution of (2)
in (3),
δRijµν = θ
i
k R
kj
µν + θ
j
kR
ik
µν − ∂µξρRijρν − ∂νξρRijµρ − ξρ ∂ρRijµν (23)
and
δT iµν = θ
i
k T
k
µν − ∂µξρ T iρν − ∂νξρ T iµρ − ξρ ∂ρT iµν (24)
As noted earlier in the context of the transformations (2), the Latin indices transform as under
LLT with parameters θij and the Greek indices transform as under diff with parameters ξµ. We
get the expected transformations under LLT and diff. This agreement lends further support for
viewing PGT as gravity theory on curved spacetime.
Before we pass on to the invariance of the model it will be convenient to write (2) specific to
3D. This is achieved by using the map (4) in (2). The resultant transformation relations are
δbiµ = θ
i
kb
k
µ − ∂µξρ biρ − ξρ ∂ρbiµ
δωiµ = −
(
∂µθ
i + εijkω
j
µθ
k
)
− ∂µξρ ωiρ − ξρ ∂ρωiµ (25)
From the analysis of the geometric correspondence it is natural to expect the action (7) to be
invariant under the Poincare gauge transformations (25). A straightforward calculation leads to
the following variation δI of the action:
δI = δI(1) + δI(2) (26)
where
δI(1) =
∫
d3x ∂λ
[
ξλ εµνρ
{
−abiµRiνρ − α3
(
ωiµ∂νωiρ +
1
3
εijkω
i
µω
j
νω
k
ρ
)
+ Λεijkb
i
µb
j
νb
k
ρ(27)
−α4
2
biµTiνρ
}
+ θiελνρ ∂νωiρ
]
and
δI(2) =
∫
d3x εµνρ
[
a
{
∂µξ
λ biλRiνρ + ∂νξ
λ biµRiλρ + ∂ρξ
λ biµRiνλ − ∂λξλ biµRiνρ
}
− Λ
3
εijk
{
−3 ∂µξλ biλbjµbkρ + ∂λξλ biµbjνbkρ
}
+ α3
{
∂µξ
µ(ωiλ∂νωiρ +
1
3
εijkω
i
λω
j
νω
k
ρ)
+ ∂νξ
λωiµ∂λωiρ + ∂ρξ
λωiµ∂νωiλ − ∂λξλ(ωiµ∂νωiρ +
1
3
εijkω
i
µω
j
νω
k
ρ)
}
+
α4
2
{
∂µξ
λbiλTiνρ + ∂νξ
λbiµTiλρ + ∂ρξ
λbiµTiνλ − ∂λξλbiµTiνρ
}]
(28)
The piece δI(1) is a total boundary term but δI(2) is not so. The latter actually vanishes. To
see this in a compact manner we use the identity following from the transformation of the tensor
density εµνρ. We have
δεµνρ = ∂λξ
µελνρ + ∂λξ
νεµλν + ∂λξ
ρεµνλ − ∂λξλεµνρ = 0 (29)
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since εµνρ is a constant tensor density. Now the rhs of (28) simplifies as,
δI(2) =
∫
d3x δεµνρ
[
abiµRiνρ −
Λ
3
εijkb
i
µb
j
νb
k
ρ + α3
{
ωiµ∂ω
i
ρ +
1
3
εijkω
i
µω
j
νω
k
ρ
}
+
α4
2
biµTiνρ
]
(30)
and hence, δI(2) vanishes on account of (29). The invariance of the theory (7) under Poincare
gauge transformations (25) is thus explicitly verified.
4 Canonical analysis of the model
In considering the 2+1 dimensional model (7) with the Chern-Simons term along with the torsion,
cosmological and usual Einstein-Hilbert terms, we actually get a mixed system with both first-
class and second-class constraints. This calls for a more general analysis than what is done for
pure gauge systems with only first-class constraints. Such mixed systems can be dealt by different
approaches.
• Using Poisson brackets: In this method, the entire algebra is computed using Poisson
brackets. Second class constraints are taken care by introducing Lagrange multipliers which
enforce these constraints. The multipliers can be fixed from the time conservation of the
constraints.
• Using Dirac brackets: The second-class constraints can be strongly eliminated by using
Dirac brackets, and we can deal with an effectively pure system having only first-class
constraints. All Poisson brackets will have to be replaced by corresponding Dirac brackets.
Here in this paper, we adopt the method of using Dirac brackets due to two reasons. First, the
analysis of this model through Dirac brackets is new and provides an interesting alternative to
other studies [10] on this model. Secondly, the systematic method of computing a generator from
a structured algorithm [25, 26], which is adopted here, is technically simple for pure systems. Thus
it is desirable, though not essential, to first convert our mixed system into a pure gauge system.
The action (7) is written in terms of the triads biµ(x) and spin connections ω
i
µ(x), which are
the basic fields in this theory. The corresponding momenta π µi (x) and Π
µ
i , defined as
∂L
∂(∂0biµ)
and ∂L
∂(∂0ωiµ)
respectively, are found to be,
φ 0i = π
0
i ≈ 0
φ αi = π
α
i − α4ε0αβbiβ ≈ 0
Φ 0i = Π
0
i ≈ 0
Φ αi = Π
α
i − ε0αβ (2abiβ + α3ωiβ) ≈ 0.
(31)
We now see that all the momenta lead to constraints. These are the primary constraints of the
theory, defined by φ 0i , φ
α
i , Φ
0
i and Φ
α
i . The symbol ≈ stands for weak equality in the sense of
Dirac [32] implying that the constraints can be set equal to zero only after computing all relevant
brackets.
The canonical hamiltonian density HC can now be written down through a Legendre trans-
formation HC = π µi ∂0biµ +Π µi ∂0ωiµ − L,
HC = bi0Hi + ωi0Ki + ∂αDα
Hi = −ε0αβ
(
aRiαβ + α4 Tiαβ − Λ εijk bjαbkβ
)
Ki = −ε0αβ
(
aTiαβ + α3Riαβ + α4 εijk b
j
αb
k
β
)
Dα = ε0αβ
[
ωi0
(
2a biβ + α3 ωiβ
)
+ α4 b
i
0biβ
]
.
(32)
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From here, we can write down a total hamiltonian density HT
HT = HC + λ(3)iµ φ µi + λ(4)iµΦ µi
= bi0 H¯i + ωi0 K¯i + λ(3)i0 π 0i + λ(4)i0Π 0i + ∂αD¯α, (33)
where λ(3) and λ(4) are undetermined multipliers and the quantity D¯α is defined as
D¯α = Dα + bi0φ
α
i + ω
i
0φ
α
i . (34)
On using the the time conservation conditions of the primary constraints, we find two secondary
constraints,
H¯i := Hi −∇βφ βi + εijk bjβ
(
pφkβ + qΦkβ
)
≈ 0
K¯i := Ki −∇βΦ βi − εijk bjβφkβ ≈ 0
(35)
The consistency of the secondary constraints leads to no new constraints, ending the iterative
procedure here. So, we have the complete constraint structure of the theory. On examining the
Poisson algebra of the constraints (see Appendix A), we see that this is a mixed system, with
both first-class (whose algebra close with all constraints) and second-class (whose algebra does
not close among themselves) constraints.
In the table below, we give a complete classification of the constraints along with an explanation
of the notation. First-class constraints will be denoted as Σ whereas second-class constraints will
be denoted as Ω.
Table 1: Classification of Constraints
First class Σ Second class Ω
Primary Σ(3)i = φ
0
i , Σ(4)i = Φ
0
i Ω(1)
α
i
= φ αi , Ω(2)
α
i
= Φ αi
Secondary Σ(1)i = H¯i, Σ(2)i = K¯i
As explained at the beginning of this section, we will now implement the method of Dirac
brackets2 and thus eliminate all second-class constraints from the theory. The Dirac bracket is
defined in terms of Poisson brackets as,
{f(x), g(x′)}∗ := {f(x), g(x′)} −
∑
(Y Z)
∫
dydz {f(x),Ω(Y )(y)} ∆−1(Y Z)(y, z) {Ω(Z)(z), g(x′)} (36)
The quantity ∆−1(Y Z)(y, z) is the inverse of the matrix ∆(Y Z)(y, z), formed from the second class
constraints Ω(Z), with Y,Z = 1, 2. The elements of the matrix ∆(Y Z)(y, z) = {Ω(Y ),Ω(Z)} are
given by
[
∆(Y Z)(x, x
′)
] αβ
ij
= −2 ε0αβ ηij
(
α4 a
a α3
)
δ(x− x′), (37)
and the matrix ∆−1(Y Z)(y, z) can thus be written down as[
∆−1(Y Z)(x, x
′)
]ij
βα
= − 1
2 (α3α4 − a2)ε0βα η
ij
(
α3 −a
−a α4
)
δ(x − x′). (38)
2Dirac brackets are denoted by a star { , }∗ to distinguish them from Poisson brackets { , }.
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Here the condition α3α4 − a2 6= 0 ensures the invertibility of the matrix ∆Y Z . This is the same
condition as encountered before, (see footnote in page 6) and we observe that it also comes up
naturally in this canonical analysis. The Dirac brackets between pairs of basic fields and momenta
can now be computed, and they all turn out to be non-zero. These brackets are listed below,
{biµ(x), bjν(x′)}∗ =
α3
2 (α3α4 − a2) ε0αβ δ
α
µδ
β
ν η
ij δ(x − x′)
{biµ(x), π νj (x′)}∗ =
[
δνµ − δαµδνα
(
α3α4 − 2a2
)
2 (α3α4 − a2)
]
δij δ(x − x′)
{biµ(x), ω νj (x′)}∗ = −
a
2 (α3α4 − a2) ε0αβδ
α
µδ
β
ν η
ij δ(x− x′)
{biµ(x),Π νj (x′)}∗ =
α3a
2 (α3α4 − a2) δ
α
µδ
ν
α δ
i
j δ(x− x′)
{ωiµ(x), π νj (x′)}∗ = −
α4a
2 (α3α4 − a2) δ
α
µδ
ν
α δ
i
j δ(x − x′)
{ωiµ(x),Π νj (x′)}∗ =
[
δνµ − δαµδνα
(
α3α4 − 2a2
)
2 (α3α4 − a2)
]
δij δ(x − x′)
{π µi (x), π νj (x′)}∗ =
[
α24α3 + 4a
3 − 2α4a2 − 2α4α3a
2 (α3α4 − a2)
]
ε0αβδµαδ
ν
β ηij δ(x− x′)
{Π µi (x),Π νj (x′)}∗ =
α4α
2
3
2 (α3α4 − a2) ε
0αβδµαδ
ν
β ηij δ(x − x′)
{π µi (x),Π νj (x′)}∗ =
α3α4a
2 (α3α4 − a2) ε
0αβδµαδ
ν
β ηij δ(x − x′)
(39)
The Dirac brackets of the second class constraints among themselves and with all other quantities
turn out to be zero, as expected. Hence these constraints can be strongly set equal to zero.
We now give the complete Dirac algebra of the system by listing only the non-trivial ones.
First, the involutive algebra of the first class constraints is given,
{H¯i(x), H¯j(x′)}∗ = εijk
(
p H¯k + q K¯k
)
δ(x − x′)
{K¯i(x), K¯j(x′)}∗ = −εijk K¯k δ(x− x′)
{H¯i(x), K¯j(x′)}∗ = −εijk H¯k δ(x − x′).
(40)
Next, the involutive algebra of the first class constraints with the canonical hamiltonian HC =∫
d2x′ HC(x′) is written,
{HC , H¯i(x)}∗ =
[
εijk
{
ω
j
0(x)− pbj0(x)
}
H¯k(x)− q εijkbj0(x) K¯k(x)
]
{HC , K¯i(x)}∗ =
[
εijk b
j
0(x) H¯k(x) + εijk ωj0(x) K¯k(x)
]
{HC , π 0i (x)}∗ = H¯i(x)
{HC ,Π 0i (x)}∗ = K¯i(x).
(41)
Note that now we have a system with only first class constraints whose Dirac algebra has been
given above. The second class constraints, as already stated, are strongly set equal to zero. In the
next section, we will use these results to systematically find the gauge generator following [25, 26]
and show that it generates off-shell symmetries of the action (7).
11
5 Gauge symmetries of the action
In this section, we systematically calculate the gauge symmetry generator G of the action (7).
We follow the method enunciated in [25, 26] to construct G. It is to be noted at the very
onset that this method does not require any use of the equations of motion. Consequently the
generated symmetries are off-shell. This may be compared to the approach [24] adopted in [10],
for discussions in this model, where the generator maps solutions to solutions of the equations
of motion. Since equations of motion are involved, it becomes debatable whether the generator
would be able to reproduce the genuine (off-shell) symmetries of the model. In this sense our
approach is conceptually cleaner. We next outline this approach briefly.
Having eliminated all the second class constraints through introduction of Dirac brackets, we
are left with a theory with only first class constraints. The set of constraints Σ(I) is now classified
as [
Σ(I)
]
=
[
Σ(A); Σ(Z)
]
(42)
where A = 3, 4 belong to the set of primary (first class) constraints, Z = 1, 2 to the set of secondary
(first class) constraints and I = 1, 2, 3, 4 refer to all (first class) constraints. The total hamiltonian
is
HT = HC +
∫
d2x λ(A)Σ(A) (43)
where HC is the canonical hamiltonian and λ
(A) are Lagrange multipliers enforcing the primary
constraints. The most general expression for the generator of gauge transformations is obtained
according to the Dirac conjecture as
G =
∫
d2x ǫ(I)Σ(I) (44)
where ǫ(I) are the gauge parameters. However, not all of these are independent. This is most
simply and elegantly seen by demanding the commutation of an arbitrary gauge variation with
the total time derivative, i.e. ddt (δq) = δ
(
d
dtq
)
. Recalling that,
δq = {q,G}∗
dq
dt
= {q,HT }∗,
(45)
a little algebra, using (43 and 44), yields the following conditions [25, 26]
δλ(A)(x) =
dǫ(A)(x)
dt
−
∫
d2x′ ǫ(I)(x′)
[(
V AI
)
(x, x′) +
∫
d2x′′ λ(B)(x′′)
(
CAIB
)
(x, x′, x′′)
]
(46)
0 =
dǫ(Z)(x)
dt
−
∫
d2x′ ǫ(I)(x′)
[(
V ZI
)
(x, x′) +
∫
d2x′′ λ(B)(x′′)
(
CZIB
)
(x, x′, x′′)
]
.(47)
Here the coefficients
(
V IJ
)
(x, x′) and
(
CI JK
)
(x, x′, x′′) are the structure functions of the invo-
lutive (first-class) algebra, defined through
{Σ(I)i(x),Σ(J)j(x′)}∗ =
∫
d2x′′
(
CKIJ
)
ijk
(x′′, x, x′) Σ k(K) (x
′′)
{HC ,Σ(I)i(x)}∗ =
∫
d2x′
(
V JI
)
ik
(x′, x) Σ k(J) (x
′).
(48)
The second condition3 (47) makes it is possible to choose A independent gauge parameters from
the set ǫ(I) and express the generator G of (44) entirely in terms of them. This shows that
3The significance of the other condition (46) is discussed in Appendix B.
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the number of independent gauge parameters is equal to the number of independent, primary
first-class constraints.
Before proceeding further let us note the following point. The derivation of (47) is based only
on the relation between the velocities and the canonical momenta, namely, the first of Hamilton’s
equations [25, 26]. Note that the full dynamics, implemented through the second of Hamilton’s
equations
(
dp
dt = {p,H}
)
is not required to impose restrictions on the gauge parameters. Since
this is the only input in our method of abstraction of the independent gauge parameters, we
find that our analysis will be valid off-shell. The off-shell invariance will also be demonstrated
explicitly.
The structure constants defined in (48) can now be obtained using the results of the various
Dirac brackets (39, 40 & 41). These are:(
C111
)
ijk
(x′′, x, x′) = p εijk δ(x − x′′)δ(x′′ − x′)(
C211
)
ijk
(x′′, x, x′) = q εijk δ(x − x′′)δ(x′′ − x′)(
C112
)
ijk
(x′′, x, x′) = −εijk δ(x− x′′)δ(x′′ − x′)(
C212
)
ijk
(x′′, x, x′) = 0(
C122
)
ijk
(x′′, x, x′) = 0(
C222
)
ijk
(x′′, x, x′) = −εijk δ(x− x′′)δ(x′′ − x′)(
CAIJ
)
ijk
(x′′, x, x′) = 0.(
CZAB
)
ijk
(x′′, x, x′) = 0.
(49)
and, (
V 11
)
ik
(x′, x) = εijk
[
ω
j
0(x
′)− p bj0(x′)
]
δ(x− x′)(
V 21
)
ik
(x′, x) = −q εijk bj0(x′) δ(x − x′)(
V 12
)
ik
(x′, x) = εijk b
j
0(x
′) δ(x − x′)(
V 22
)
ik
(x′, x) = εijk ω
j
0(x
′) δ(x − x′)(
V 13
)
ik
(x′, x) = ηik δ(x − x′)(
V 23
)
ik
(x′, x) = 0(
V 14
)
ik
(x′, x) = 0(
V 24
)
ik
(x′, x) = ηik δ(x − x′).(
V AI
)
ik
(x′, x) = 0
(50)
Now the generator (44) is expanded as,
G =
∫
d2x
[
ǫ(3)i(x)π 0i (x) + ǫ
(4)i(x)Π 0i (x) + ǫ
(1)i(x) H¯i(x) + ǫ(2)i(x) K¯i(x)
]
(51)
where the parameters ǫ(I)i are not all independent, but satisfy the equation (47), so that,
dǫ(Z)i(x)
dt
−
∫
d2x′ ǫ(I)k(x′) (V Z I)
i
k (x
′, x) = 0 (52)
Using the structure constants (V Z I)
i
k (x
′, x) already determined in (50), we get the following two
relations among the parameters ǫ(Z)
ǫ˙(1)i(x) = ǫ(3)i(x) + ǫ(1)k(x) ε ijk [p bj0(x)− ωj0(x)]− ǫ(2)k(x) ε ijk bj0(x)
ǫ˙(2)i(x) = ǫ(4)i(x) + q ǫ(1)k(x) ε ijk bj0(x)− ǫ(2)k(x) ε ijk ωj0(x).
(53)
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After using these equations (53) in the generator (51) to eliminate the gauge parameters ǫ(3) and
ǫ(4), we obtain our cherished structure in terms of the two independent gauge parameters ǫ(1) and
ǫ(2),
G =
∫
d2x
[{
ǫ˙(1)i(x)− ǫ(1)k(x) ε ijk [p bj0(x)− ωj0(x)] + ǫ(2)k(x) ε ijk bj0(x)
}
π 0i (x)
+
{
ǫ˙(2)i(x)− q ǫ(1)k(x) ε ijk bj0(x) + ǫ(2)k(x)ε ijk ωj0(x)
}
Π 0i (x)
+ ǫ(1)i(x) H¯i(x) + ǫ(2)i(x) K¯i(x)
]
. (54)
On rearranging the generator and renaming the parameters as ǫ(1) = ǫ and ǫ(2) = τ , we obtain
the generator in the form
G =
∫
d2x [Gǫ(x) + Gτ (x)]
Gǫ = ǫ˙i π 0i + ǫi
[
H¯i − εijk
(
ω
j
0 − p bj0
)
πk0 + q εijk b
j
0Π
k0
]
Gτ = τ˙ iΠ 0i + τ i
[
K¯i − εijk
(
b
j
0 π
k0 + ωj0Π
k0
)]
(55)
The generator thus written gives rise to gauge variations of fields in the theory. The transfor-
mations of the basic fields biµ and ω
i
µ are:
δbiµ(x) := {biµ(x), G}∗ = ∂µǫi(x) + εijk ωjµ(x)ǫk(x)− p εijk bjµ(x)ǫk(x) + εijk bjµ(x)τk(x),
δωiµ(x) := {ωiµ(x), G}∗ = ∂µτ i(x) + εijk ωjµ(x)τk(x)− q εijk bjµ(x)ǫk(x).
(56)
We would now like to demonstrate the explicit off-shell invariance of the action (7) under the
above gauge transformations of the fields (56). The variation of the action, in general, reads:
δI = δI
∣∣∣
Einstein
+ δI
∣∣∣
Cosmological
+ δI
∣∣∣
Chern Simons
+ δI
∣∣∣
Torsion
(57)
Substituting our gauge transformations in the above, we observe that δI vanishes without using
any equations of motion. The cancellation of relevant terms is quite interesting and we would
like to note certain features involved. An easy way of seeing the cancellation is to begin by
focusing on families of similar structured terms. For example, terms containing one derivative,
the parameter ǫ, b and ω (where the indices have been suppressed for simplicity) may occur as(
εµνρεijk b
j
µ ∂νωiρ ǫ
k
)
or
(
εµνρεijk ∂µǫi ω
j
ν b
k
ρ
)
or in other such different types. However all
of them may be cast as the same term on using the properties of the levi-civita symbols and/or
using partial integrals. When all such families are identified, we see that there occur two different
types of cancellation. First, many terms are identically zero or cancel algebraically, needing at
most throwing of some total derivatives. Secondly, in some cases terms from different pieces of
the action, with their different parameters, cancel by virtue of the relation between parameters
a,Λ, α3&α4 and the definition of the quantities ‘p’ and ‘q’. We now demonstrate this for one
particular family. The terms containing (ω b b ǫ) can be collected from the variations of different
pieces of the action (7). These are written below in exactly the same order as they appear in (57),
δI
∣∣∣
(ω b b ǫ) terms
= −2aq
∫
d2x εµνρεijkε
j
lm b
i
µω
k
ρb
l
ν ǫ
m − 2Λ
∫
d2x εµνρ ωjµbjνbkρ ǫ
k
+ 0 + α4p
∫
d2x εµνρ
[
εmilεmpq b
i
µω
l
νb
p
ρ ǫ
q + εijkεilm b
j
µb
m
ρω
l
ν ǫ
k
]
= 2 (−Λ+ aq + α4p)
∫
d2x εµνρ ωjµbjνbkρ ǫ
k
= 0 (58)
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where use of the definitions p =
α3Λ+ α4a
α3α4 − a2 and q = −
α 24 + aΛ
α3α4 − a2 has been made, to observe that
the combination (−Λ+ aq + α4p) = 0. A summary of the different terms and their cancellation
factors are given below. Terms that are not explicitly mentioned here, reduce to zero algebraically.
Table 2: Cancellation of families of terms
Term Combination of parameters giving zero
ω b b ǫ −Λ+ aq + α4p
ω ω b ǫ α4 + qα3 + ap
We are thus led to an intriguing situation. There are two sets of field transformations, one
derived above in (56), and the other from the Poincare gauge gravity (25), both of these being true
symmetries of the action. We have explicitly demonstrated this by showing that variations in the
action (7), under any of the two transformations, vanish without requiring any use of the equations
of motion. Consequently these are proper gauge symmetries, i.e. they are off-shell symmetries.
One would therefore expect an off-shell mapping between the two sets of parameters (ǫ, τ) and
(ξ, θ). Alas, this map does not exist. Indeed, the following map, which was also mentioned in
the literature [10],
ǫi = −ξλ biλ
τ i = −
(
θi + ξλ ωiλ
)
.
(59)
connects the two transformations by the identification,
δ0b
i
µ = δPGT b
i
µ − ξρ
(
T iµρ − p εijk bjµbkρ
)
δ0ω
i
µ = δPGTω
i
µ − ξρ
(
Riµρ − q εijk bjµbkρ
)
.
(60)
The terms within parentheses, which are exactly the terms destroying the mapping between δ0
and δPGT , are the equations of motion (11). So the map (59) holds only on-shell. In the next
section we attempt towards a possible understanding of this point.
6 Comments on the lack of off-shell mapping between the trans-
formation parameters of PGT and the independent gauge pa-
rameters
It has been observed in the last section that the gauge transformations (56) of the basic fields
of the theory (7) cannot be mapped on the transformations of the same under PGT, namely,
(25) without invoking the equations of motion, although both sets of transformations preserve
the off-shell invariance of the same action. Stated otherwise, we don’t have an off-shell mapping
between the two sets of parameters characterising these transformations. This, notwithstanding
the facts that the number of independent parameters of the two sets match exactly and both the
sets provide off-shell invariance of (7) as we have explicitly demonstrated above. We show that
this feature is a peculiarity of the PGT framework.
Before considering PGT, let us first analyse metric gravity theory in the second order formal-
ism, given by the action
I =
∫
d3x
√−gR (61)
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where R is the Ricci scalar. Here g = detgµν , gµν being the metric tensor. The theory is invariant
under diffeomorphism
xµ → xµ + ξµ (62)
The canonical analysis of the gauge transformations of the theory following the method of [25, 26]
was performed in [27]. The analysis was done in (3+1) dimensions but it can be easily adapted
to (2+1) dimensions which is relevant here. For the canonical analysis, spacetime is foliated in
spacelike two-surfaces as per the Arnowit-Deser-Misner (ADM) decomposition. The lapse variable
N⊥ represents an arbitrary variation normal to the two-surface on which the state of the system
is defined whereas the shift variables Nα represent variations along the surface. They are defined
by4
Nβ = gαβg0α (63)
N⊥ =
(−g00)−1/2 (64)
These variables are not really the dynamical variables of the theory. By adding suitable divergences
to the action (61) we can write an equivalent lagrangian [33, 34]∫
d2xL =
∫
d2xN⊥ (g)1/2
(
KαβK
αβ −K2 +R
)
(65)
where K = Kαα = g
αβKαβ and R is the Ricci scalar on the two surface. The second fundamental
form Kαβ is defined as
Kαβ =
1
2N⊥
(−g˙αβ +Nα|β +Nβ|α) (66)
The | indicates covariant derivative on the two-surface. The lagrangian (65) is suitable for canon-
ical analysis because it does not contain the time derivatives of the lapse and shift variables i.e.
in the canonical analysis they appear as Lagrange multipliers. Their conjugate momenta π0 and
πα vanish weakly, providing the following primary constraints of the theory:
Ω0 = π0 ≈ 0 (67)
Ωα = πα ≈ 0 (68)
The basic fields are gαβ with their conjugate momenta π
αβ. The canonical hamiltonian can
be worked out as
Hc =
∫
d2x
(
πµN˙
µ + παβ g˙αβ − L
)
=
∫
d2x
(
N⊥H⊥ +NαHα
)
(69)
where,
H⊥ = g−1/2
(
παβπ
αβ − 1
2
π2
)
− (g)1/2R (70)
Hα = −2παβ |β. (71)
The total hamiltonian is given by,
HT = Hc +
∫
d2x
[
λ0Ω0 + λ
αΩα
]
(72)
4Note that gαβ is the inverse of the spatial metric gαβ on the two surface.
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where λ0, λα are multipliers enforcing the primary constraints Ω0, Ωα. The secondary constraints,
found by time conserving the primary constraints, are
Ω3 = {π0,HT } = H⊥ ≈ 0 (73)
Ω3+α = {πα,HT } = Hα ≈ 0. (74)
No further constraints are generated by this iterative procedure. Note that all the constraints are
first class. So, following Dirac’s hypothesis [32], the gauge generator can be written as
G =
∫
d2x
(
ǫ0Ω0 + ǫ
αΩα + ǫ
3Ω3 + ǫ
3+αΩ3+α
)
, (75)
where ǫ0, ǫα, ǫ3 and ǫ3+α are gauge parameters. Now using our master equation (47) we get [27]
ǫ0 (x) =
[
ǫ˙3 + ǫ3+α∂αN
⊥ −Nα∂αǫ3
]
(x) (76)
ǫα (x) =
[
ǫ˙3+α + ǫ3+β∂βN
α −Nβ∂βǫ3+α −N⊥gβα∂βǫ3 + ǫ3gβα∂βN⊥
]
(x) , (77)
which shows that only three gauge parameters
(
ǫ3, ǫ3+α
)
are independent. Their number is equal
to the number of primary first class constraints, in conformity with the discussion below (48).
Also, this number matches with the number of diffeomorphism parameters ξµ (see 62).
The mapping between the gauge and diff parameters is now found by comparing the variations
of N⊥, Nα and gαβ under both these symmetry operations. First, we consider the gauge variations
which are found by Poisson bracketing with the generator,
δN⊥ (x) = {N⊥(x), G} =
[
ǫ˙3 + ǫ3+α∂αN
⊥ −Nα∂αǫ3
]
(x) (78)
δNα (x) = {Nα (x) , G}
=
[
ǫ˙3+α + ǫ3+β∂βN
α −Nβ∂βǫ3+α −N⊥gβα∂βǫ3 + ǫ3gβα∂βN⊥
]
(x) (79)
δgαβ (x) = {gαβ (x) , G}
= −2ǫ3Kαβ + ǫ3+γ∂γgαβ + gγα∂βǫ3+γ + gγβ∂αǫ3+γ (80)
The variation under general coordinate transformations or diff can be worked out after a bit of
calculation [27]. The desired variations are:
δN⊥ (x) =
(
d
dt
−Nα∂α
)
ξ0N⊥ + ξ0Nα∂αN
⊥ + ξα∂αN
⊥ (81)
δNα (x) =
(
d
dt
−Nβ∂β
)(
ξα + ξ0Nα
)
+
(
ξβ + ξ0Nβ
)
∂βN
α −
(
N⊥
)2
gαβ∂βξ
0 (82)
δgαβ (x) =
(
ξ0
d
dt
− ξγ∂γ
)
gαβ +Nα∂βξ
0 +Nβ∂αξ
0 + gγα∂βξ
γ + gγβ∂αξ
γ (83)
Now comparing, for instance, (79) and (82), we can establish the mapping between the independent
gauge and diffeomorphism parameters as
ǫ3+α = ξα + ξ0Nα (84)
ǫ3 = N⊥ξ0 (85)
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This mapping, when substituted in the gauge variations of the basic fields N⊥ and gαβ (equations
(78) and (80) respectively) transforms them identically to their corresponding reparametrization
variations i.e. equations (81) and (83). The equivalence of the gauge and diffeomorphism sym-
metries is thus established. Note that this is an off-shell equivalence and the equations of motion
are at no point invoked to establish it.
We now focus our attention on (7). By chosing a = 1 and Λ = α3 = α4 = 0 (for which
p = q = 0), it reduces to
I =
∫
d3x εµνρ biµRiνρ. (86)
This is equivalent to (61) as can be verified by using the identity (8) and the relation (12). An
intriguing exercise will be to compare the gauge variations and the PGT variations for the theory
(86). Referring back to (56) and noting p = q = 0, the gauge variations read:
δbiµ(x) = ∂µǫ
i(x) + εijk ω
j
µ(x) ǫ
k(x) + εijk b
j
µ(x) τ
k(x),
δωiµ(x) = ∂µτ
i(x) + εijk ω
j
µ(x) τ
k(x).
(87)
Comparison with the PGT transformations (25) shows that there is still no off-shell correspondence
between the two transformations. Clearly, the PGT framework is distinct from the conventional
one as far as the treatment of symmetries is concerned.
A similar manifestation of the same phenomenon occurs in the interpretation of 3-dimensional
gravity (86) as a Chern-Simons gauge theory [2]. The isometry group of M3 is the Poincare group
P (1, 2). If we consider this as an ordinary gauge theory a general gauge transformation is written
as [12]
u = −ǫiPi − τ iJi (88)
where Pi and Ji are the generators of the gauge group and ǫ
i and τ i are the gauge parameters.
Introduce the corresponding gauge potential
Aµ = b
i
µPi + ω
i
µJi (89)
The variation of Aµ under a gauge transformation parametrised by (88) is given by
δAµ = −∂µu− [Aµ, u] (90)
The field strength is defined in the usual way
Fµν := [∇µ,∇ν ] = ∂µAν − ∂νAµ + [Aµ, Aν ] (91)
Using the explicit form of Aµ from (89) we find
Fµν = Pi T
i
µν + JiR
i
µν (92)
where the expressions of T iµν and R
i
µν coincide with (3) if we identify b
i
µ and ω
i
µ with the
corresponding PGT fields. The correspondence of the Poincare gauge theory with an ordinary
Chern-Simons gauge theory is so far exact.
At this point one naturally enquires about the gauge transformations of biµ and ω
i
µ. From
(88 - 90) we get
δbiµ(x) = ∂µǫ
i(x) + εijk ω
j
µ(x)ǫ
k(x) + εijk b
j
µ(x)τ
k(x),
δωiµ(x) = ∂µτ
i(x) + εijk ω
j
µ(x)τ
k(x).
(93)
which are the same transformations as (87). These are naturally invariances of (86). They, however
do not map off-shell to the transformations (2). Note further that the latter transformations are
also invariances of the same action (86). So the Poincare gauge transformations are independent
of the gauge transformations of the Poincare group.
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6.1 A lagrangian analysis:
In this subsection we will provide a lagrangian based analysis of symmetries. This will further
elucidate the mismatch between Poincare gauge transformations and the standard gauge trans-
formations.
We begin with the familiar example of electromagnetism. The action is,
S =
∫
L(Aµ, ∂νAµ) =
∫
F 2 (94)
where F is the electromagnetic field tensor. The action is invariant under the gauge transformation
Aµ → Aµ + ∂µΛ, where Λ is the gauge transformation parameter. By Taylor expansion
S[Aµ + ∂µΛ] = S[Aµ] +
∫
∂µΛ
δS
δAµ
= S[Aµ]−
∫
Λ∂µ
δS
δAµ
(95)
The invariance condition S[Aµ + ∂µΛ] = S[Aµ] leads to the gauge identity
∂µ
δS
δAµ
= ∂µ∂ν F
νµ = 0.
Note that this holds off-shell. In fact if we invoke the equation of motion the gauge identity
becomes a trivial 0 = 0 statement. Note further that such a gauge identity exists corresponding
to each independent gauge parameter.
Our course of action is now clear. We will write the identities corresponding to the Poincare
gauge transformations (25) following from the invariance of (7). By Taylor expansion we get
S
[
biµ, ω
i
µ
]
= S
[
biµ + δPGT b
i
µ, ω
i
µ + δPGTω
i
µ
]
⇒ S [biµ, ωiµ] = S [biµ − (εijkbjµθk + ∂µξλbiλ + ξλ∂λbiµ) ,
ωiµ −
(
∂µθ
i + εijkω
j
µθ
k + ∂µξ
λωiλ + ξ
λ∂λω
i
µ
)]
= S
[
biµ, ω
i
µ
]− ∫ d3x δS
δbiµ
(
εijkb
j
µθ
k + ∂µξ
λbiλ + ξ
λ∂λb
i
µ
)
−
∫
d3x
δS
δωiµ
(
∂µθ
i + εijkω
j
µθ
k + ∂µξ
λωiλ + ξ
λ∂λω
i
µ
)
⇒
∫
d3x
[
δS
δbiµ
εijkb
j
µ +
δS
δωiµ
εijkω
j
µ − ∂µ
(
δS
δωkµ
)]
θk
+
∫
d3x
[
δS
δbiµ
∂λb
i
µ +
δS
δωiµ
∂λω
i
µ − ∂µ
(
biλ
δS
δbiµ
+ ωiλ
δS
δωiµ
)]
ξλ = 0. (96)
So the two independent identities turn out to be:
δS
δbiµ
εijkb
j
µ +
δS
δωiµ
εijkω
j
µ − ∂µ
(
δS
δωkµ
)
= 0
δS
δbiµ
∂λb
i
µ +
δS
δωiµ
∂λω
i
µ − ∂µ
(
biλ
δS
δbiµ
+ ωiλ
δS
δωiµ
)
= 0
(97)
If these identities can be mapped to the identities following from the gauge transformations (56)
one would say that the symmetries are equivalent. Otherwise they are inequivalent.
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From the invariance of (7) under (56), we find,
S
[
biµ, ω
i
µ
]
= S
[
biµ + δGaugeb
i
µ, ω
i
µ + δGaugeω
i
µ
]
⇒ S [biµ, ωiµ] = S [biµ + (∂µǫi + εijkωjµǫk − p εijkbjµǫk + εijkbjµτk) ,
ωiµ +
(
∂µτ
i + εijkω
j
µτ
k − qεijkbjµǫk
)]
= S
[
biµ, ω
i
µ
]− ∫ d3x δS
δbiµ
(
∂µǫ
i + εijkω
j
µǫ
k − pεijkbjµǫk + εijkbjµτk
)
−
∫
d3x
δS
δωiµ
(
∂µτ
i + εijkω
j
µτ
k − qεijkbjµǫk
)
⇒
∫
d3x
[
−∂µ
(
δS
δωkµ
)
+
δS
δbiµ
εijkb
j
µ +
δS
δbiµ
εijkω
j
µ
]
τk
+
∫
d3x
[
−∂µ
(
δS
δbkµ
)
− q δS
δωiµ
εijkb
j
µ +
δS
δbiµ
εijkω
j
µ − p
δS
δbiµ
εijkb
j
µ
]
ǫk = 0 (98)
which leads to the independent gauge identities:
− ∂µ
(
δS
δωkµ
)
+
δS
δbiµ
εijkb
j
µ +
δS
δbiµ
εijkω
j
µ = 0
− ∂µ
(
δS
δbkµ
)
− q δS
δωiµ
εijkb
j
µ +
δS
δbiµ
εijkω
j
µ − p
δS
δbiµ
εijkb
j
µ = 0.
(99)
Comparing (99) with (97) it is easy to be convinced that they are inequivalent. Also note that all
the identities become trivial as we invoke the equations of motion.
In the last paragraph, we have shown the inequivalence between the Poincare gauge invariance
and the gauge invariance by using the lagrangian identities. One is then naturally led to the
question as to what happens to the 2nd order metric gravity, where the equivalence between the
spacetime and gauge invariances was demonstrated canonically with an off-shell map (84 and
85). To further elucidate the question of symmetry it will, therefore, be useful to reconsider
the symmetries of the 2nd order metric gravity from the point of view of such identities. For
convenience we will start from (65) which is equivalent to the Einstein action (61) as mentioned
earlier. The basic fields are N⊥, Nα and gαβ . Their gauge variations are given by equations
(78), (79) and (80) respectively. The identities following from the symmetry of (65) under these
transformations are:
W gauge = − d
dt
(
δS
δN⊥
)
+ ∂γ
(
Nγ
δS
δN⊥
)
+ ∂γ
(
gγαN⊥
δS
δNα
)
+ gγα∂γN
⊥ δS
δNα
− 2Kαβ δS
δgαβ
= 0, (100)
W gaugeα = −
d
dt
(
δS
δNα
)
+ ∂γ
(
Nγ
δS
δNα
)
+ ∂αN
⊥ δS
δN⊥
+ ∂αN
γ δS
δNγ
+ ∂αgγβ
δS
δgγβ
− 2∂β
(
gαγ
δS
δgγβ
)
= 0. (101)
Likewise, the identities corresponding to the diff invariances (81), (82) and (83) can similarly be
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worked out. The identity corresponding to ξ0 is
W diff = − d
dt
(
δS
δN⊥
)
N⊥ +N⊥∂γ
(
Nγ
δS
δN⊥
)
+Nγ∂γN
⊥ δS
δN⊥
− d
dt
(
δS
δNα
)
Nα
+Nα∂γ
(
Nγ
δS
δNα
)
+Nγ∂γN
α δS
δNα
+ ∂β
(
δS
δNα
(N⊥)2gαβ
)
+
δS
δgαβ
˙gαβ − 2∂β
(
Nα
δS
δgαβ
)
= 0, (102)
and those corresponding to ξα are
W diffα = −
d
dt
(
δS
δNα
)
+ ∂γ
(
Nγ
δS
δNα
)
+ ∂αN
⊥ δS
δN⊥
+ ∂αN
γ δS
δNγ
+ ∂αgγβ
δS
δgγβ
−2∂β
(
gαγ
δS
δgγβ
)
= 0. (103)
The identities (103) are identical with (101) (i.e. W diffα = W
gauge
α ) while (102) are apparently
different from (100). However, a little algebra shows
N⊥W gauge +NαW gaugeα =W
diff.
The set of gauge identities (100) and (101) is thus equivalent to the set (102) and (103) following
from reparametrization invariances. This is consistent with our canonical analysis of 2nd order
metric gravity where we demonstrated the equivalence between the gauge and diff parameters by
devising the one to one mapping (84, 85).
7 Conclusion
Recently the 3D gravity models in the framework of Poincare gauge theory (PGT) have come to
forefront [8, 9, 10, 11, 12, 14, 15, 16, 17] in the literature. Among the various issues considered, a
particularly significant one is the difference between the PGT transformations of the basic fields
and the gauge variations of the same obtained in the canonical way. The two can only be mapped
using the equations of motion. This fact was observed earlier [10, 11] but its significance was
missed, principally due to the fact that the canonical gauge generator was constructed following
[24] which maps solutions to solutions of the equations of motion. We have shown here, in the
context of the topological 3D gravity with torsion, that the general gauge transformations can be
obtained in the canonical way in an off-shell manner. This is done by following a method available
in the literature [25, 26] that views the gauge transformations as mapping field configurations to
field configurations. This naturally lends a new perspective to this issue of symmetries.
The PGT formalism is reviewed and the geometric interpretation is scrutinised by establish-
ing the basic PGT transformations geometrically, using general coordinate (diff) transformations
and local Lorentz transformations. The off-shell invariance of the model under PGT transforma-
tions has been explicitly verified. Then a complete canonical analysis of the model is presented.
This model presents an example of a mixed constrained system with both first and second class
constraints. The reduced phase space is obtained by completely eliminating the second class con-
straints using Dirac brackets. Use of Lagrange multipliers, as done in [10, 11], is thereby avoided.
The model then transpires to a standard gauge system having only first class constraints. The
difference is that the symplectic structure is defined by the Dirac brackets instead of the usual
Poisson brackets. The generator of gauge transformations that map field configurations to field
configurations, is constructed by following the structured algorithm given in [25, 26]. We find the
transformations of the basic fields by computing their Dirac brackets with the gauge generator
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and check by direct calculation that these gauge transformations are again off-shell invariances of
the action. The gauge transformations of the basic fields are then compared with the analogous
transformations under PGT. There exists no off-shell map between them, though the two agree
on-shell.
To put our findings in a proper perspective, we carry out a similar analysis for 2+1 dimen-
sional Einstein gravity in the usual metric formulation. In this case we prove an exact off-shell
equivalence of the general coordinate (diff) transformations with the gauge transformations found
by a canonical (hamiltonian) approach. This clearly manifests the peculiarity of the PGT vis-a-vis
a standard gauge theory.
Finally, a lagrangian analysis of symmetries based on identities was performed. Whereas in
the hamiltonian treatment one has to find a map between the parameters, in the lagrangian
analysis there should be a map that connects the identities which involve the basic variables of
the theory. In the framework of PGT, it was shown that the identities were different for the two
types of symmetries. A mapping of the identities was not possible thereby reconfirming the results
from the hamiltonian formalism. For the Einstein gravity, on the contrary, a mapping between
the identities was explicitly derived. Our analysis shows that the hamiltonian and lagrangian
formulations actually complement one another. For discussing off-shell equivalence, the lagrangian
approach is more practical since it becomes obvious that a map between the identities cannot
exist. In the hamiltonian formulation, it is nontrivial to really prove that a map does not exist
between the transformation parameters. For discussing on-shell equivalence, on the contrary, the
lagrangian method is not appropriate since the identities trivialise (0=0). Here the hamiltonian
approach is clearly more viable. As a final remark, we mention that the methods developed here
may be applied to other 3D gravity models [8, 9, 10, 11, 14, 15, 16, 17].
Appendix A : The Poisson algebra of constraints
The basic non-zero Poisson brackets of the theory (7) are given below.
{biµ(x), π νj (x′)} = δij δνµ δ(x− x′)
{ωiµ(x),Π νj (x′)} = δij δνµ δ(x− x′)
(A.1)
Also, we give below a list of the Poisson brackets of the quantities H and K, constructed out of
the the basic fields in (32), with the primary constraints.
{φ αi (x),Hj(x′)} = 2 ε0αβ
[
α4 ηij ∂
(x)
β δ(x− x′)− εijk
(
α4 ω
k
β − Λ bkβ
)
δ(x− x′)
]
{φ αi (x),Kj(x′)} = 2 ε0αβ
[
a ηij ∂
(x)
β δ(x − x′)− εijk
(
aωkβ + α4 b
k
β
)
δ(x − x′)
]
{Φ αi (x),Hj(x′)} = 2 ε0αβ
[
a ηij ∂
(x)
β δ(x − x′)− εijk
(
aωkβ + α4 b
k
β
)
δ(x − x′)
]
{φ αi (x),Kj(x′)} = 2 ε0αβ
[
α3 ηij ∂
(x)
β δ(x− x′)− εijk
(
α3 ω
k
β + a b
k
β
)
δ(x− x′)
]
.
(A.2)
We now calculate the non-trivial Poisson algebra of the constraints, by using the algebra among
basic variables (A.1). The algebra (A.2) comes in handy at this step (as well as in the following
calculations).
{φ αi (x), φ βj (x′)} = −2α4 ε0αβ ηij δ(x − x′)
{Φ αi (x),Φ βj (x′)} = −2α3 ε0αβ ηij δ(x − x′)
{φ αi (x),Φ βj (x′)} = −2 a ε0αβ ηij δ(x− x′)
(A.3)
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Observe that the Poisson algebra (A.3) between the primary constraints does not close, implying
the existence of second-class constraints.
The Poisson algebra between primary and secondary constraints are:
{φ αi (x), H¯j(x′)} = εijk
(
p φkα + qΦkα
)
δ(x− x′)
{φ αi (x), K¯j(x′)} = −εijk φkα δ(x − x′)
{Φ αi (x), H¯j(x′)} = −εijk φkα δ(x − x′)
{Φ αi (x), K¯j(x′)} = −εijk Φkα δ(x− x′),
(A.4)
while the algebra among the secondary constraints are:
{H¯i(x), H¯j(x′)} = εijk
(
p H¯k + q K¯k
)
δ(x− x′)
{K¯i(x), K¯j(x′)} = −εijk K¯k δ(x − x′)
{H¯i(x), K¯j(x′)} = −εijk H¯k δ(x − x′).
(A.5)
We see that both sets (A.4, A.5) close.
Appendix B : On the significance of (46)
In this appendix, we would like to make a note on the information content of (46), which is
referred to as the “first condition” hereafter. This equation gives the variation of the Lagrange
multipliers corresponding to the primary (first-class) constraints in terms of the structure constants(
V IJ
)
(x, x′) and
(
CIJK
)
(x, x′, x′′) defined in (48). However, as we show below, this equation gives
us no new restrictions on the parameters. This is because the equation itself can be obtained from
the properties of the total hamiltonian and the second condition – the ‘master equation’ (47) [25].
We now demonstrate this fact here, in the context of our theory.
We begin by calculating the time variation of the field bi0 by taking its Dirac bracket
5 with
the total hamiltonian (33), to see that it gives the Lagrange multiplier corresponding to π 0i ,
b˙i0 = {bi0,
∫
d2xHT }∗ = λ(3)i0. (B.1)
Using this, we find the variation of the multiplier λ(3) in terms of the derivative of the field
transformations,
δλ
(3)i
0 = δb˙
i
0 =
d
dt
δbi0. (B.2)
However, we have already calculated the transformation δbi0 (56). Also, recall that only the
‘master equation’ (47) was required in deriving the generator, and so, (56) is independent of the
first condition. Now substituting these field transformations for bi0(x) in the last equation (B.2),
and using the definitions ǫ = ǫ(1) and τ = ǫ(2) introduced before in Section 5, we get:
d
dt
δbi0 =
d
dt
[
∂0ǫ
(1)i + εijk ω
j
0ǫ
(1)k − p εijk bj0ǫ(1)k + εijk bj0ǫ(2)k
]
. (B.3)
This can be related with the variation of λ(3) by taking advantage of (B.2), to finally obtain
δλ
(3)i
0 =
d
dt
[
ǫ˙(1)i − ǫ(1)k ε ijk (p bj0 − ωj0) + ǫ(2)kε ijk bj0
]
=
d
dt
ǫ(3)i. (B.4)
5Recall that we have adopted the approach of eliminating all second-class constraints by using Dirac brackets.
Hence equations of motion are given by Dirac brackets.
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Here, in the last step, we have used (53) to express ǫ(1) and ǫ(2) in terms of ǫ(3).
Let us now return to the first condition (46), from which it follows,
δλ(3)(x) =
dǫ(3)(x)
dt
−
∫
d2x′ ǫ(I)(x′)
[(
V 3I
)
(x, x′) +
∫
d2x′′ λ(B)(x′′)
(
C3IB
)
(x, x′, x′′)
]
=
dǫ(3)(x)
dt
(B.5)
thereby reproducing (B.4). The second term does not contribute since the structure constants(
V 3I
)
,
(
C3IB
)
vanish (49 & 50). This shows that, as claimed at the beginning of this appendix,
the first condition gives us no new restrictions on the parameters. It is basically a consequence of
(47).
In our calculations above, we have used the Lagrange multiplier λ(3) corresponding to π 0i .
However, by the same process, analogous results are obtained for the multiplier λ(4) which corre-
sponds to Π 0i . The starting point of the calculation for λ
(4) is now:
ω˙i0 = {ωi0,
∫
d2xHT }∗ = λ(4)i0. (B.6)
Then, going through similar steps analogous to (B.2, B.3 & B.4) we get
δλ
(4)i
0 =
d
dt
[
ǫ˙(2)i − q ǫ(1)k ε ijk bj0 + ǫ(2)k ε ijk ωj0
]
=
d
dt
ǫ(4)i. (B.7)
which is the analogue of (B.4) found above. This is nothing but the first condition (46) corre-
sponding to λ(4),
δλ(4)(x) =
dǫ(4)(x)
dt
−
∫
d2x′ ǫ(I)(x′)
[(
V 4I
)
(x, x′) +
∫
d2x′′ λ(B)(x′′)
(
C4IB
)
(x, x′, x′′)
]
=
dǫ(4)(x)
dt
, (B.8)
which follows as a consequence of the vanishing of the structure constants
(
V 4J
)
and
(
C4JK
)
calculated in (49 & 50).
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